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Let Uq{C) be the quantum group or quantized enveloping algebra in the sense of [|, 
associated to a Cartan matrix C. A relevant property of Uq{C) is that it can be endowed 
with a multi-filtration such that the associated multi-graded algebra is an easy localization 
of the coordinate ring of a quantum affine space [0, Proposition 10.1]. Thus, it is not 
surprising if we claim that Uq{C) is an Auslander- regular and Cohen- Macaulay algebra 
(see, e.g., for these notions). However, when one tries to construct a mathematically 
sound argument to prove this, one realizes that there are not ready-to-use results for this 
in the literature. Here we use re-filtering methods (see Theorem |l|) similar to that in 
and m to prove, in conjunction with results from p| and [|14|, that certain types of multi- 
filtered algebras are Auslander- regular and Cohen-Macaulay (Theorem This is applied 
to obtain that Ug{C) is Auslander-regular and Cohen-Macaulay. 

In this note, K denotes a commutative ring and N"" is the free abelian monoid with n 
generators ei, . . . , e„. The elements in N" are vectors a = (ai, . . . , a„) with non-negative 
integer entries. An admissible order ^ on N" is a total order compatible with the sum 
in N"' and such that ^ a for every a G N". In this way, N" becomes a well-ordered 
monoid. A fundamental example of admissible order on N" is the lexicographical order 
<iex with ei <iex ■ ■ ■ <iex ^n- Evcry vector w with strictly positive entries gives an example 
of admissible order by putting 



(1) a /3 



(w, a) < (w, (3) or 
(w, a) = (w, P) and a <iex P 



where (— , — ) denotes the usual dot product in M". 

An (N'^, ^)-filtration on a fsT-algebra R is a family F = {F«(i?) | a G N'^} of K- 
submodules of R such that 

1. F^{R) C Fp{R) for all a ^ /3 G N". 

2. fS{R)F^{R) C F^+p{R) for all a,/? G N". 

3- UaGN" Fa{R) = R. 

4. 1 G Fo{R). 

The associated N"-graded algebra is given by G^{R) = ©^gj^n ^^(i?), where G^{R) = 
Fa{R)/F-{R) and F-{R) = {j^^^Fp^R). Further details can be found in §. The multi- 
degree of a nonzero element r G i? is defined as mdeg(r) = min{a G | r G Fa{R)}. 
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When n = 1, the only admissible order is the usual one and multi-filtrations are just 
positive filtrations. In this case, the associated graded algebra will be denoted by gr(i?). 

We will use extensively the following terminology: Let A be a subalgebra of an algebra 
R, and let Xi, . . . , x„ be elements in R. A standard monomial in xi, . . . , is an expression 
x" = x"^ . . . x"", where a = (ai, . . . , a„) G N". Assume that an element r & R can be 
written in the form 

(2) r=J2 ^ ^) 

The expression is called a (left) standard representation of r. We will often refer as 
(left) polynomials to the elements of R having a standard representation. 

Theorem 1. Let A be a left noetherian subalgebra of a K -algebra R, let s be a positive 
integer and let qji G A for 1 ^ i < j ^ s. The following statements are equivalent 

(i) There is an admissible order ^ on some N" and an (N*^, ■<) -filtration F = {Fa{R) \ a G 
N"} on R such that Fo{R) = A, every Fa{R) is finitely generated as a left A-module 
and G^{R) = A[yi;ai] . . . [ys'tO-g] is an W^-graded iterated Ore extension for some 
homogeneous elements yi, . . . ,ys such that <Jj{yi) = qjiyi for every 1 ^ i < j ^ s. 

(a) There is an N-filtration {Rn \ n E N} on R such that Rq = A, every i?„ is finitely 
generated as a left A-module and gr{R) = A[yi; ai] . . . [yg] CTg] is an N-graded iterated 
Ore extension for some homogeneous elements yi, . . . ,ys such that crjiyi) = qjiyi for 
every 1 ^ i < j ^ s. 

(Hi) There are elements Xi, . . . ,Xs E R, an admissible order ^' on W , and finite subsets 
Tjj, Ffc C N'' for l^i<j^s,l^k^s with max^r Tji -<' ti + tj and max^/ -<' 
such that {x° | a G N*} zs a basis of R as a left A-module and XjXi = qjiXiXj + 

Proof. implies (jp^. Let G N" denote the multi-degree of yi for 1 ^ i ^ s. Clearly, 
{y'^ I 7 G N''} is a basis of G^{R) as a left A-module. Thus, given r E R, the homogeneous 
element r + F~^^^f^^^{R) E G^{R) has a unique representation as homogeneous standard 
left polynomial in yi, . . . ,ys with coefficients in A. Thus, 

(3) ^ + ^-degw(^)= E ^^y"' 

71 ai H |-7s ois =mdeg (r) 

where the c^'s are in A. Choose, for each i = 1, . . . , s, an element Xi E Fa.{R) such that 
yi = Xi + F~,{R). Let M denote the s x n matrix whose rows are ai, . . . ,as. Write the 
equality (|^) as 

(4) r + (R) = YI ^7^' + ^mdeg{.) (R) 

7A/=mdeg(r) 

Therefore, we can prove by induction on mdeg(r) that 

(5) r = Y S^'^' 

■yM^mdeg{r) 
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where G A. To deduce that {x'^ | 7 G N*} is a basis for f^R we only need to check the 
hnear independence. Given a relation 

(6) Yl ^7^^ = 0, 

we proceed by induction on a. The relation (^) can be written as 

(7) a^x^ + a^yC = 



which, in G^{R), gives 



As the monomials y''' are A-linearly independent, we have that = for 7M = a. The 
remaining coefficients are zero by induction in view of (^. 

Let a G A and i E {1, . . . , s}. Since Gq{R) = Fq{R) = A and i/ia = ai{a)yi we get ai{a) 
has degree 0, i.e., crj(a) G A. Write a'-*-' = ai{a). Then 

(8) = y^a - a(*)yi = [xia - a^'^Xi) + F^^ (R) 

Since A is left noetherian and F^. {R) is finitely generated as a left A-module, we have that 
F~.{R) is a noetherian left A-module. Thus, we deduce from (H), in conjunction with (|^), 
that 



(9) Xitt = a^'^Xi + ^ 

7eri 



for some G A, where Fj is a finite subset of such that 7M -< ctj for every 7 G Fj. On 
the other hand, for 1 < z < j < s, we have 

= VjVi - qjiViVj 

= (x, + F-^iR))ix, + F-iR)) - + + F" (i?)) 

— {xjXi — qjiXiXj) + F^__^^^(^R) , 

which entails, by (|), 

^ X ^ 3^ j CC ^ 2 X CC j — ^^^^^ Gt"Y 5C ^ 

76ry 

where Vij is a finite subset of N'' such that 7M -< + for every 7 G Fjj. Let ^' be the 
admissible order on N'' defined by 



7M -< nM or 

7M = /xM and 7 <iex 



4 



J. GOMEZ-TORRECILLAS AND F. J. LOBILLO 



Since = ejM for every i = 1, . . . , s, the relations (^) and (p!OD can be written as 
(12) Xitt - a^'^^Xi = 



1-<'h 



and 

^ X 3 ^ ^ j % ^ i ^ j — ^^^^^ Cti 



which gives (H). 

imphes(||). First, notice that, by hypothesis, the relations ([T^) and ([131) are satisfied. 



Let 



c = {0} u ( u u ( u a 



l<i<s ' ' l<i<j<s 



where Cj = Fj — and Cij = Tij — — e^. Clearly C is a finite subset of Z'^ whose 
maximum with respect to ^ is 0. By Corollary 2.2] (see also |T3[ and [jl^]), there is 



w = {wi, . . . ,Ws) G such that (w, a) < for every a G C. This implies that the 
relations (|T2|) and (O) can be written as 
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(14) XjO — a^*^Xj = 

(w,7)<-u;i 

and 

^ X 5 ^ ^ ^ji'^i j — ^^^^^ Qj'y'X. 

By p. Proposition 1.13], the family {Ha{R) \ a E W} where Ha{R) is the left A-module 
generated by the set {x^ | P «}, is an (N"*, ^w)^filtration on R. Since w has no zero 
component, it follows that Ha{R) is finitely generated as a left A-module for every a. For 
each n E N, define Rn = U(w a)<n -^"(-^)' which is a finitely generated left A-module. 
A straightforward verification shows that {Rn | n G N} is a filtration on R. Clearly, 
= I](w,a>^n^^" ^vcry « G N". Finally, let y,, = Xi + Ryj^-i for 1 ^ i < j ^ s. 
By (|14D and (pTSj), x^a = a'^'^^Xi for every a G A and XjXi = qjiXiXj. Moreover, since the 
monomials x" are A-linearly independent, it follows that {y" | a G N'^} is a left A-basis 
for gr(i?). It follows from [|IT], 2.1.(iii)] that 

gr(i?) = A[?/i;ai]---[y,;a,] 

Finally, (||) implies (|) obviously. □ 

In the following corollary, Kq{R) denotes the Grothendieck group of R. Of course, the 
corollary says something new for rings satisfying (|) or (pTi]) in Theorem ^ 

Corollary 2. Assume R satisfies one (and then all) of the equivalent conditions of Theo- 
rem [i|. Suppose, in addition, that A is right noetherian, qji is a unit of A for 1 < i < j < s 
and that ai is an automorphism of A for i = 1, . . . , s. 
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1. If every cyclic right A-module has finite projective dimension, then -K'o(A) = Kq{R). 

2. If A is Auslander-regular then R Auslander-regular. 

Proof. The first statement is a consequence of [jl2|, Tfieorem 12.6.13]. If A is Auslander- 
regular, then, by p. Theorem 4.2], gr(_R) = K[yi; ai] ■ ■ ■ [?/<,; as] is Auslander-regular. The 
result follows now from p. Theorem 3.9]. □ 

Theorem 3. Assume that R is an algebra over a field k satisfying one (and then all) of 
the equivalent conditions of Theorem [|. Suppose, in addition, that 

(a) The scalars qji are units o/k and the endomorphisms a, : A — >■ A are automorphisms. 

(b) A is generated as an algebra by elements zi, . . . ,Zt such that the standard filtration A„ 
obtained by giving degree 1 to each Zi satisfies that gr{A) = ©„^oA„/A„_i is a finitely 
presented and noetherian algebra over k. 

(c) cTi(Ai) C Ai, /or z = 1, ... , s. 

(d) either gr{A) or A[yi] cti] ■ ■ ■ [y^; o"s] is an Auslander-regular and Cohen-Macaulay alge- 
bra. 

Then R is an Auslander-regular and Cohen-Macaulay algebra. 

Proof. Let Rn be the filtration on R given by Theorem |1| with gr(i?) = A[yi; cri] ■ ■ ■ [ys] <7s]. 
Since cri(Ai) C Ai for every i = 1, . . . ,s and the filtration A„ is standard, we get that 
?/jA„ C A„?/j for every i = 1, . . . , s and every n ^ 0. Therefore, A C A[yi; cti] • ■ ■ [ys] cTs] is 
a ^w^bounded extension of A in the sense of P, Definition 1.8]. Here, w = {wi, . . . ,Ws) 
with Wi = deg(?/j), i = 1, . . . , s. Let ^ be the admissible order defined by 



a -<w /3 or 
a = (3 and i < j 

Write H{i,a) = /3)-<(j q) ^jy^- By @, Proposition 1.13], these vector subspaces form a 
(N^+\ ^)-filtration for"gr^- Let gr(i?)(„) = E.+(w,a)<n A^y". Since 

gr(i?)(„) = y H^i^a), 

((l,w),(i,Q)) 

it follows that {gr(i?)(„) | n G N} is a filtration on gr(-R). Moreover, the inclusion 
A C gr(i?) is a strict filtered morphism, hence gr(A) can be viewed as a subalgebra of 
gr(gr(_R)). Therefore, gr(gr(_R)) = gr(A)[yi; (Xi] ■ ■ ■ [ys] Cs]- Here, cTj denotes the graded au- 
tomorphism induced by the homonymous filtered automorphism of A[yi; (Xi] ■ • ■ [yi-i, crj_i]. 
Since gr(A) is a finitely presented and noetherian algebra, we see that gr(gr(i?)) enjoys 
the same properties. Thus, the filtration i?„ satisfies the hypotheses of |1^, Theorem 1.3]. 
Now every finitely generated left -R-module is endowed with a filtration such that gr(M) 
is finitely generated. By ||1^, Theorem 1.3], GKdim(M) = GKdim(gr(M)). In particular, 
GKdim(i?) = GKdim(gr(i?)). On the other hand, from the proof of 0, Theorem 3.9] 
we obtain that jni^M) = jgr(R)(gr(M)). If we assume that gr(i?) = A[yi; (Xi] ■ ■ ■ [y^; cTs] is 
Cohen-Macaulay, then 

GKdim(/2) = GKdim(gr(i?)) = jg,(R)(gr(M)) + GKdim(gr(M)) = jr{M) + GKdim(M), 
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whence R is Cohen-Macaulay too. 

Lastly, if gr(A) is Cohen-Macaulay, then gr(gr(i?)) satisfies the hypotheses of [jl6|. Lemma], 
which implies that it is Cohen-Macaulay. Since the filtration gr(i?)(„) is finite-dimensional, 
we obtain that gr(i?) is Cohen-Macaulay. Thus, R is Cohen-Macaulay by the foregoing 
argument. □ 

If Q = (qij) is a multiplicatively anti-symmetric s x s matrix with coefficients in k, 
the coordinate ring of the quantum affine space Oqik^) = kQ[xi, . . . ,Xs] is the k-algebra 
generated by xi, . . . , subject to the relations xjXi = qjiXiXj. 

For our purposes, we are interested in certain localizations of (9Q(k**). Thus, consider 
some of the variables which, for simplicity, we assume to he xi, . . . Xt with t ^ s. Since 

, . . . , Xi are normal elements, they generate a multiplicatively closed Ore set, so that we 
can construct the localized algebra 

Although the following proposition should be well-known, we have not found a precise 
reference. 

Proposition 4. The algebra A = kQ[xf^, . . . ,xf^,Xt+i, ■ ■ ■ tXs] is Auslander- regular and 
Cohen-Macaulay. 

Proof. Clearly, A is an iterated Ore extension of a McConnell-Pettit algebra, whence its 
global homological dimension is finite by |[T^, 3.1] and p. Theorem 4.2]. On the other hand, 

kQ[Xi, . . . ,Xt, Xt+l, . . . ,Xs] 

is Auslander-regular and Cohen-Macaulay (see, e.g., |10, Theorem 3.5]). By [||, Proposition 
2.1], A satisfies the Auslander condition. Since the multiplicative set generated by xi, . . . , 
consists of monomials, which are local normal elements, we have, by |jl|. Theorem 2.4], that 
our algebra A is Cohen-Macaulay. □ 



Theorem 5. The quantized enveloping C{q) -algebra Uq{C) associated to a Cartan matrix 
C is Auslander-regular and Cohen-Macaulay. 

Proof. Accordingly with ||^, Proposition 10.1], U = Uq{C) is endowed with a (N", 
filtration {Fa{U) \ a G W^} for some n and a lexicographical order ■< in such a way that 
the multi-graded associated algebra G^{U) = C{q)Q[x^^, . . . , xf^,Xt+i, . . . , x^] for a certain 
multiplicatively anti-symmetric matrix Q. By Proposition^, G^{U) is Auslander-regular 
and Cohen-Macaulay. Moreover, Fq{U) = C{q)[zf^, . . . , z^^], a commutative Laurent poly- 
nomial ring. Filter Fq{U) with the standard filtration obtained by giving degree 1 to zf^ 
{i = 1, . . . ,t). Then gr{FQ{U)) is a factor algebra of the commutative polynomial ring in 
2t variables with coefficients in C(g). In particular, it is finitely presented and noetherian. 
Therefore, the hypotheses of Theorem]^ are fulfilled and, hence, Uq{C) is Auslander-regular 
and Cohen-Macaulay. □ 
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Remark 6. In p, Proposition 2.2] it is shown that Uq{C) is Auslander-regular. It is also 
proved 0, Theorem 2.3] that Uq{C) is Cohen-Macaulay with respect to the KruU dimension 
in case g is a root of unity.. 

Remark 7. The normal separation of the prime spectrum of Uq{C) would imply in view of 
Theorem | and [0, Theorem 1.6] that Uq{C) is catenary. However, the (classical) universal 
enveloping algebras are not normally separated in general. So, as the referee pointed out, 
it is interesting to know if Uq{C) does not really enjoy this property and why. 
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